The Green function approach to the Bardeen-Cooper-Schrieffer theory of superconductivity is used to study nanofilms. We go beyond previous models and include effects of confinement on the strength of the electronphonon coupling as well as on the electronic spectrum and on the phonon modes. Within our approach, we find that in ultrathin films, confinement effects on the electronic screening become very important. Indeed, contrary to what has been advanced in recent years, the sudden increases of the density of states when new bands start to be occupied as the film thickness increases, tend to suppress the critical temperature rather than to enhance it. On the other hand, the increase of the number of phonon modes with increasing number of monolayers in the film leads to an increase in the critical temperature. As a consequence, the superconducting critical parameters in such nanofilms are determined by these two competing effects. Furthermore, in sufficiently thin films, the condensate consists of well-defined subcondensates associated with the occupied bands, each with a distinct coherence length. The subcondensates can interfere constructively or destructively giving rise to an interference pattern in the Cooper pair probability density.
I. INTRODUCTION
In 1963, Blatt and Thompson studied theoretically very thin, nanoscale, films within the Bardeen-Cooper-Schrieffer (BCS) theory of superconductivity. 1, 2 To study such an inhomogeneous system, they essentially applied a method first advanced by Anderson in his study of dirty superconductors. 3, 4 An interesting finding in their work was that, as a function of film thickness, the critical temperature (T c ) and gap value exhibit very sharp oscillations, which are stronger the thinner the nanofilm and which the authors referred to as shape resonances. Briefly, in a nanofilm, the electron motion in the direction transverse to the film is strongly quantized, resulting in quantum well states, which, nevertheless, move as free particles in the directions parallel to the film. This results in an energy spectrum consisting of a discrete set of two-dimensional bands. Band occupancy depends on the nanofilm thickness. With increasing nanofilm thickness, the number of occupied bands increases by one in a repeated fashion. This results in repeated and sudden jumps of the electronic density of states at the Fermi level with increasing film thickness and leads to the sharp oscillations found by Blatt and Thompson. Interestingly, their model resulted in T c 's and gap values that could be more than twice the bulk values. Later, similar studies explored further the consequences of the size quantization of the electronic degrees of freedom. 5, 6 However, quantum size effects can manifest themselves more broadly, affecting, e.g., the phononic degrees of freedom as well. This has been considered in Ref. 7 , where the quantization of the phonon spectra in the nanofilm was taken into account. This leads to multigap superconductivity and to a modification of the gap and critical temperature dependencies on nanofilm thickness. As shown in this work, however, the picture is incomplete if no account is taken of the effect of confinement on the electron-phonon coupling strength.
On the experimental side, there were early reports of enhanced T c 's in Al thin films 8 or of oscillations in the T c of Sn thin films as a function of their thickness. 9 But consensus regarding the observation of quantum size effects in nanofilms has required the advent of high-quality thin film growth techniques. Oscillations in the T c and/or gap values as a function of the number of monolayers have been reported in recent years for Pb nanofilms deposited on a Si(111) substrate. [10] [11] [12] Strikingly, superconductivity was found to persist even in films only one monolayer thick. 13 Also, in Al nanofilms, the superconducting gap was found to increase with decreasing film thickness, reaching values nearly 75% higher than in the bulk for a thickness of 5 nm. 14 In the case of Pb nanofilms, on the other hand, the critical parameters reported have lower values than their bulk counterparts. [10] [11] [12] In several of the theoretical works, 6, 15, 16 efforts were made to explain the oscillation of the critical parameters in Pb nanofilms essentially in terms of the oscillations discussed by Blatt and Thompson. Indeed, these works focus again on the electronic degrees of freedom and are based either on the Anderson method mentioned above 6 or on the Bogoliubov-de Gennes method. 15, 16 A more recent comparison between theory, based on the latter, and experiment can be found in Ref. 17 . Studies based on density functional theory have also been carried out on Al nanofilms 18 as well as on Pb nanofilms. 19 One of the main findings of these latter works is that the surface phonon modes induced by confinement contribute to electron-phonon coupling in opposite ways in Al and in Pb. In the latter, the coupling becomes weaker, while in the former, it becomes stronger, thereby explaining the enhancement of the T c in Al nanofilms and its reduction in Pb nanofilms.
The Green function formalism of the BCS theory of superconductivity was first advanced by Gor'kov for homogeneous systems. 20 The present work is based on a reformulation, which is particularly convenient to study inhomogeneous systems. In a previous report (Ref. 21 , hereafter referred to as I), we applied it to study superconductivity in nanowires. The reformulation is based on Anderson's method. 3 It consists essentially in first solving the Hamiltonian for the normal state and then adding a phenomenological effective attractive (or pairing) interaction and solving the problem within a mean-field approximation. Several years ago, Tanaka and Marsiglio showed that the Anderson approach compares well with the Bogoliubov-de Gennes approach, in the weak coupling case, using an attractive Hubbard model to study inhomogeneity effects in superconductors. 4 The same conclusion is reached in I, where the agreement between the two approaches using similar parameters was found to be excellent. Here, we show that this approach allows to shed new light on several aspects of superconductivity in nanofilms, and with a computational effort far less costly than the Bogoliubov-de Gennes or density functional approaches. The present work differs from the previous studies 1, 2, [5] [6] [7] 15, 16 in that account is taken of the effects of confinement not only on the electronic spectrum and on the phonon modes but also on the strength of the electron-phonon coupling. We find that, in contrast to what is currently usually assumed, 6, [9] [10] [11] [12] 15, 16 the confinement effects on superconductivity in very thin nanofilms do not always correlate with the electron density of states. A critical finding is that when the film thickness is below a couple of tens of monolayers, at normal metallic densities, confinement effects on the screened Coulomb interaction between the electrons and the ionic background become very important. Indeed, each time when the number of occupied bands increases with nanofilm thickness, the screened electron-electron interaction weakens because screening increases, causing electronphonon coupling to decrease. This would lead the critical parameters to drop rather than to increase. Remarkably, this is strongly offset when the number of monolayers increases as the number of active phonon modes contributing to the electron-phonon coupling increases. Thus the observed dependence of the critical parameters on the monolayer number is determined by a strong interplay between the two effects.
Another very interesting aspect to consider in nanofilms is the effect of confinement on the superconducting condensate. Because translational symmetry is broken, the Cooper pair wave function depends on both the relative and center of mass coordinates of the pair. Thus, for instance, although the coherence length is determined by the behavior of the pair wave function as a function of the relative coordinates, it is a local property, in the sense that it depends on the position of the center of mass. This is typical for superconductivity in inhomogeneous systems, such as nuclei 22, 23 and high-T c superconductors. 24, 25 We show here that in sufficiently thin films, the condensate is composed of well-defined subcondensates, each associated with an occupied band and its corresponding gap. These produce an interference pattern in the Cooper pair wave function probability density with regions depleted of pairs. Moreover, the different subcondensates generally exhibit different coherence lengths. This is quite similar to the case of two-gap bulk superconductors, such as MgB 2 , where the two gaps were shown to lead to different length scales. 26, 27 In Sec. II, below, we present the model system studied. Also, for completeness, the more general derivation of the gap equation presented in I is specialized to the case of nanofilms. Section III presents the derivation of the effective electron-electron interaction taking into account the effects of confinement both on the phonon spectrum and on the strength of the electron-phonon coupling. The resulting effects on the nanofilm thickness dependence of T c and gap values are analyzed in Sec. IV. In Sec. V, we discuss the consequences of confinement on the spatial behavior of the condensate. The present work is summarized in Sec. VI. In the appendixes, we present some of the technical steps in the derivation of the dielectric screening (see Appendix A) and more details regarding the calculation of the Cooper pair density and of the coherence lengths (see Appendix B).
II. THE GAP EQUATION
Consider the BCS grand-canonical Hamiltonian
where H 0 is the independent electron Hamiltonian, μ is the chemical potential (Fermi level), andψ † σ (ψ σ ) is the creation (destruction) field operator for an electron with spin σ . v eff is the effective attractive interaction, coupling electrons of opposite spin. Its precise form need not be specified for now. Section III is devoted to that subject. As previous authors, we consider a free-standing nanofilm. 2, [5] [6] [7] 15, 18, 19 Because the impurity scattering length in high-quality nanofilms is much larger than the film thickness, the nanofilms can be treated in the clean limit. 16 The system of electrons in the nanofilm is described (in the normal state) by assuming a model Hamiltonian , where q = 2π (l,m)/L with l,m ∈ Z, i.e., assuming periodic boundary conditions in the xOy plane (the limit L → ∞ is taken at the end of the calculations). The energy levels are given by a set of nonintersecting paraboloids, namely,
. Hence, given a Fermi level μ, the Fermi surface is broken into a set of concentric circumferences of radii q 3 we assume that the effective interaction v eff couples only time-reversed states. Here, these correspond to |qn and |−qn . Note that this means, in particular, that both electrons in a pair necessarily belong to the same electronic band.
A Hamiltonian, such as the above, was solved quite generally in I. Here, the main points are emphasized, while introducing the notation used further on. One considers the equation of motion for the single-electron temperature Green function,
and seeks a solution within a mean-field approximation by introducing the Gor'kov functions: 
with
. Also, the solution is most easily found in terms of the coefficients of the Fourier representation in τ of the above functions, e.g.,
, where β = 1/k B T . As shown in I, for an effective interaction coupling only time-reversed states, the solution can be written as
where ξ
with V qn q n ≡ − qn, − qn|v eff |qn , − q n the matrix elements of the effective interaction (the sign of the interaction is introduced for notational convenience). One can see from the above that (qn) represents a momentum-and banddependent energy gap. Combining their definition with the above solution forF, one obtains the gap equation
(qn) depends implicitly on temperature. To solve the gap equation, one still has to specify the matrix elements, V qn,q n , of the effective interaction. We deduce below the specific form of v eff used in this work.
III. EFFECTIVE ELECTRON-ELECTRON INTERACTION IN A NANOFILM
In the BCS theory for homogeneous systems, as presented in most textbooks (see, e.g., Refs. 28 and 29), the effective attractive interaction between electrons of opposite spin is given by an attractive contact potential, v eff (r,r ) = −gδ(r − r ). 30 The interaction strength is given by the square of the electron-phonon coupling constant γ , that is, g = γ 2 . Important from the point of view of the present work is that γ is proportional to the screened Coulomb interaction. 28 Here, we derive the formal effects of confinement on electron-phonon coupling, as well as the consequences on the phonon-mediated pairing interaction. In the previous section, the effects of confinement on the electron system in the nanofilm were already considered. The first section below presents the confined phonon system and describes how it modifies the form of the electron-phonon coupling. In the second section, we consider the effect of confinement on the strength of the electron-phonon coupling, i.e., we study the screened Coulomb interaction in a nanofilm. Finally, the third section is devoted to the consequent modification of the effective electron-electron interaction.
A. Electron-phonon interaction
Phonon spectrum
We use the uniform, elastic background model to describe the phonon system, paralleling the formulation of Fetter and Walecka. 28 If d = d(r,t) is the displacement field, characterizing the displacement from the equilibrium position, we consider the wave equation
Here, c = √ B/Mn 0 is the speed of sound with B the bulk modulus and M and n 0 the background atomic mass and particle density, respectively (i.e., Mn 0 is the background mass density); below, we write 0 = Mn 0 . To describe sound waves, we take the ansatz
where, again, q is the momentum parallel to the plane of the film. It is easy to verify that the wave equation above is satisfied by d with
. 31 We now define the quantized displacement field aŝ
where V is the volume of the system and k = q 2 + n 2 π 2 /d 2 for short. The operators b † nq and b nq create and destroy, respectively, a phonon with momentum q and energyhω nq .
Electron-phonon interaction
The electron-phonon interaction Hamiltonian can be written as (cf. Ref. 28 )
We consider the different factors in the integrand one at the time. The first factor,ˆ , is the electron charge density operator. In terms of the electron field operators, it is writtenˆ (r) = −e σψ † σ (r)ψ σ (r), with e the magnitude of the electron charge. The second factor, v scr , is the screened Coulomb potential. Because of translational invariance along the xOy plane, without loss of generality, it can be expanded in terms of the single-electron states as v scr (r,r ) = it is given by
where ω D is the Debye frequency. With the foregoing, the electron-phonon interaction Hamiltonian becomeŝ
In the above,
To derive the form of the phonon-mediated attractive interaction, it is convenient to rewriteĤ el-ph in terms of the electron and phonon fields. The latter is given bŷ
where ϕ n is the nth, confinement induced, branch of the phonon field. As discussed in Sec. III B below, in the q → 0 limit, the screened Coulomb potential matrix in Eq. (14) is dominated by its diagonal terms. Thus making the approximation v scr ln q→0 = δ ln v scr nn q→0 , the electron-phonon Hamiltonian can be rewritten
with electron-phonon coupling constant
for phonon branch n. We now turn our attention to the screened Coulomb potential and to its size dependence.
B. Screened Coulomb interaction
To determine the form of the screened Coulomb interaction in a nanofilm, we must calculate the dielectric function. For this, we follow the self-consistent field method and perform the calculation in the random phase approximation (RPA). 29 A similar study has been carried out before, focusing on the plasmon dispersion relation. 33 Here, we are interested in the static, long-wavelength limit. In the derivation below, we emphasize the most important points and give the more technical details in Appendix A.
Dielectric function and screening of the Coulomb potential
Let V ext denote the potential due to an external charge, or impurity, in the system. Within linear response, the total potential, V = V ext + V scr , where V scr is the screening, or induced potential, is related to the external potential by the dielectric function
or V ext (r,ω) = d 3 r ε(r,r ,ω)V (r ,ω) in frequency domain. Exploiting the translational invariance of the system in the xOy plane, we expand the involved quantities over our singleelectron basis. This yields
On the other hand, the external potential is given by
or, equivalently,
The expansion coefficients of the (bare) Coulomb potential v nmq are given by Eq. (A7) in Appendix A. Equating Eqs. (20) and (22) above, one has
with the screened Coulomb potential given by
Dielectric function in the RPA
Our treatment here is similar to that of Mahan for the three-dimensional electron gas. 29 We consider the Heisenberg equation for the (electron) particle density operator,
wheren nq = d 3 r ψ * nq (r)n(r), withn(r) = σψ † σ (r)ψ σ (r). The Hamiltonian above isĤ =Ĥ 0 +V . The noninteracting Hamiltonian isĤ 0 = nqσ E nq c † nqσ c nqσ . The interacting term is given by the total potential operator,V (this is the principal assumption of the self-consistent field method). 29 In terms of the particle density operator, it is written
As shown in Appendix A, solving the equation of motion for the particle density within the RPA allows one to write the induced charge density, nq (ω) = −e n nq (ω) , in terms of the polarization and the total potential as
The polarization is given by
where the mp = E mp − μ are the independent electron energies measured with respect to the Fermi level and n F is the Fermi occupation function [n F ( ) = 1 if 0, and 0 otherwise]. Now, given that the induced charge density gives rise to the screening potential V scr (29) Thus, from Eq. (20), we finally have the dielectric function
To determine the long-wavelength limit of the static, screened Coulomb potential, v scr mn q→0 (ω = 0) [cf. Eq (24)], we have to evaluate lim q→0 n ε −1 mnq (0)v nn q . The longwavelength limit of the static dielectric function, ε mnq→0 (0), can be obtained in closed form (see Appendix A). However, to obtain a converged result for the nanofilm thicknesses considered in this study requires including up to 600 bands in the calculation of the polarization P (1) . (28) implies that its matrix elements are nonzero only if the indices n and l are both of the same parity [cf. Eq. (15)]. As discussed in Appendix A, the bare Coulomb potential shares a similar property and, furthermore, in the long-wavelength limit q → 0, it is largely governed by its matrix elements with odd indices. Thus, in that limit, the dielectric function matrix elements in Eq. (30) with even indices will have comparatively little contribution from the polarization.
C. Effective electron-electron interaction
To obtain the phonon-exchange mediated effective electron-electron interaction, we first define the phonon Green functions
Because of the invariance with respect to translation in time, D 0 depends only on t − t . Given the phonon field expansion 
As in the three-dimensional case, 28 there is a one-to-one correspondence between the phonon-exchange contributions to the electron Green function and those of a spin-independent interaction. For instance, the lowest phonon-exchange contribution to the electron Green function is
where only connected diagrams need to be considered. Expanding the electron and phonon fields in terms of the corresponding creation and destruction operators, allows one to show that the above is equivalent to the first-order contribution to the electron Green function of a frequency dependent, effective interaction v eff . The derivation is very similar to the one in the three-dimensional case with the only difference that we have an additional quantum number due to confinement. The expansion coefficients of the effective interaction are found to be
Then, in the static limit [cf. Eq. (33)], one has
so it is an attractive interaction. Assuming ω D ω np , one has v eff nn p (0) = −δ nn γ 2 n . In real space, the equivalent, effective interaction is readily calculated to be
Note that in the d → ∞ limit (bulk limit), one can verify that the different electron-phonon coupling constants tend to the same value, γ n → γ . Thus, in that limit, the present approximation correctly reduces to an effective interaction given by an attractive delta function, or contact potential v eff (r,r ) = −γ 2 δ(r − r ), 34 which is the form commonly used in the three-dimensional case. 28, 29 
IV. CRITICAL PARAMETERS OF A NANOFILM
To determine the critical parameters in a nanofilm, we rewrite the gap equation in terms of the above result. First, the effective interaction matrix elements between pairs of timereversed states are given by qn, − qn|v eff |q n , 
We introduced this expression in the gap equation (8) .
The above implies that (qn) vanishes for states outside the mentioned window. Furthermore, within that window, the energy gap depends only on the band index. Hence, for short, we introduce n = (qn). The summation over momentum in Eq. (8) can be transformed into an integral over energy, weighted by the electron density of states, leading finally to the multigap equation
In the above, . 37 For the term in parentheses in the electron-phonon coupling constants (18) , one could use the bulk value. However, there are multiple reports indicating that the sound velocity in nanofilms can be strongly reduced compared to its bulk counterpart. [38] [39] [40] Thus the value used has to be rescaled accordingly. For instance, in Cu nanofilms 20-, 10-, and 4-nm thick, the sound velocity was measured to be 14%, 20%, and 38% lower than in the bulk. 40 Unfortunately, directly measured values for Al nanofilms are not available. Still, one can make an estimate based on the average gap value reported by Court et al. for Al nanofilms 5-nm thick, which are the thinnest nanofilms they studied. 14 We find that in our model, the gap value reported implies a sound velocity 30% lower than in the bulk. We use this value for our analysis of films a fraction to a few nanometers thick. As will be clear further down, the qualitative conclusions of our study do not depend on this choice.
41,42
The gap equation is a nonlinear equation. To solve it [cf. Eq. (40)] and for all our calculations in this work, we use MATLAB. 43 The energy gaps depend on temperature, vanishing at the critical temperature, T c . This is shown in Fig. 1 . To determine the number of phonon modes contributing to electron-phonon coupling [cf. Eq. (38)], we assumed a film grown in the [111] direction, which is a typical direction in previous works on Pb nanofilms 12, 19 and on Al nanofilms. 18 With a lattice constant of 4.05Å for Al, three phonon modes contribute to electron-phonon coupling in the present case.
Turning to the dependence of the critical parameters on nanofilm thickness, in Fig. 1(b) , we show the behavior of T c as d is varied continuously (solid line). As above, for this calculation, we assume a film grown in the [111] direction. In experiment, the nanofilm thickness is not a continuous variable, but is given by the number of monolayers deposited. Thus more relevant to experiment are the predicted T c 's for the latter. These are indicated by the filled circles in the figure. The full effects of confinement are best discussed by making a comparison with the T c 's obtained using in our calculations a contact potential, i.e., v eff (r,r ) = −gδ(r − r ), instead of Eq. (37), with a g value obtained from experimental data as in, e.g., Ref. 15 . The resulting T c 's as a function of d (we note that they are very close to those in Ref. 15) , are given by the dotted line in Fig. 1(b) with the diamonds indicating the values as a function of the number of (111) monolayers. As mentioned in Introduction, the sawtooth pattern observed in this approach as d varies continuously was shown to arise because the total electron density of states per spin at the Fermi level, N (0) = n N n (0), increases suddenly when a new band starts to be occupied as d increases and then decreases monotonically [N n (0) ∝ 1/d, cf. the equation above] until the band above starts to be occupied in turn. 2, 6, 15 Our results are in stark contrast with the above. We find, remarkably, that in ultrathin nanofilms, T c falls instead of increasing when the number of occupied electron bands increases by one, but rises when the number of phonon modes increases by one. This can be readily understood as follows. On the one hand, there is the dependence of the electronphonon coupling constants γ n on the nanofilm thickness. As shown in the previous section, γ n is a constant times v scr nnq→0 . Thus, in Fig. 2(a) , we plot the latter as a function of d. One can see that the matrix elements of the screened Coulomb interaction show strong oscillations with varying d, dropping clearly whenever a new band starts to be occupied [compare with the dotted line in Fig. 1(b) ], particularly for symmetric states (n odd). The direct correlation with band occupation is made evident by Fig. 2(b) , where we plot N (0) as a function of d. The fact that the screened Coulomb interaction drops when the number of occupied bands increases is due to the fact that the polarization and the dielectric function depends on the number of occupied bands [cf. Eqs. (28) and (30)]. When the number of occupied bands increases, the polarization increases as well, leading to a stronger screening. This results in the drop of v scr nnq→0 and a weaker electron-phonon coupling. 44 This effect was already discussed by Mahan, in a work addressing electron-phonon coupling near van Hove singularities. 45 The weaker electron-phonon coupling leads to a lowering of T c . On the other hand, the number of standing phonon modes contributing to the electron-phonon coupling increases whenever a new monolayer is added to a crystal film, 32 thereby increasing the strength of the effective pairing interaction [cf. Eq. (38)] and causing T c to suddenly increase. It is, hence, the interplay between the two effects that determines T c . In Fig. 1(b) , one can see that the resulting T c 's are larger than the bulk T c . This is in line with the reports mentioned above 14, 18 in which confinement effects in Al nanofilms were found to enhance the superconducting critical parameters with respect to the bulk values.
Implicit in the above is that the behavior of T c with varying d can depend on the direction of growth of the nanofilm. Indeed, the number and the properties of the confined phonon modes involved are determined by the latter. This is in line with the results in Ref. 18 , where an estimation of T c is done based on a density functional theory calculation of electron-phonon coupling in Al nanofilms. Indeed, it is found that the dependence of T c on the number of monolayers in the [111] direction is different from that in the [100] direction. Furthermore, in the latter case, no correlation is found between T c and N (0). 18 A reasonable level of correlation is found, however, for films grown in the [111] direction. In our model, this occurs only at higher film thicknesses, when the change in electron-phonon coupling with the increase of occupied bands becomes sufficiently weak. This is shown in Fig. 3(a) , where we plot T c and N (0) as a function of the number of (111) monolayers up to a thickness of 40 monolayers. One can see that the two quantities start following the same pattern for thicknesses above ∼ 20 monolayers, as the confined electronic states assume a dominant role. A more accurate calculation of this threshold number of monolayers requires going beyond the approximations of the phonon and electron-phonon interaction models used here.
Consider now the gap dependence on nanofilm thickness. We show this in Fig. 3(b) . As d increases, a new energy gap value appears each time that a new electron energy band starts to be occupied. As one can expect, the dependence of the gap values on d mirrors that of T c . One can also observe that the spread of gap values decreases with increasing d. This can be understood from the following. As indicated in the discussion following Eq. (37), for d → ∞, the electron-phonon coupling constants tend to a single value γ , and v eff becomes the three-dimensional contact potential. Assuming the bulk value for the speed of sound, γ takes its bulk value and so does the energy gap. 46 We believe that the different gap values should be experimentally discernible in nanofilms up to a few monolayers thick. For thicker nanofilms, this is probably difficult because the difference between gap values becomes too small, although some effects due to the multiple gaps might still be observable. In this regard, it is interesting that, in their differential conductance measurements on 5-nm thick Al nanofilms, Court et al. observe subgap structure, below a main peak at 2 = 0.608 meV.
14 One must bare in mind, however, that in those experiments, the samples are polycrystalline, so the effects of phonon confinement are more difficult to ascertain than in single crystal samples.
Increases in the critical parameters as the number of phonon modes contributing to electron-phonon coupling increases with nanofilm thickness were already obtained by Hwang and co-workers in Ref. 7 (to our knowledge, the first work to address the effects of phonon confinement on superconductivity). In that work, however, the effect of confinement on the strength of the electron-phonon coupling and, hence, on the strength of the effective pairing interaction, is not taken into account. Hence the model in Ref. 7 is insufficient to observe the drops in the critical parameters when the number of occupied electron bands increases. Furthermore, the increase in the critical parameters that they find with the increase of the number of phonon modes is, compared to what we find, rather weak. This is probably due to their use of a bulk value for the deformation potential coupling constant, 7 since that is equivalent to using the bulk value for the sound velocity in our formulation.
V. CONDENSATE WAVE FUNCTION
We now turn to the effects of confinement on the condensate, or Cooper pair, wave function, defined by (rr ) = F(rr ,0), with F the Gor'kov function 47 (also called "anomalous average") introduced in Sec. II above. Thus, in terms of the single-electron basis, one has (rr ) = n ψ qn (r)ψ −qn (r )F(qn, − qn,0). As in the derivation of the gap equation, we exploit the fact that F(qn, − qn,0) = 1 βh pF (qn, − qn,iω p ). Then, it is readily found that at
To better analyze the wave function, it is convenient to rewrite it in terms of the center of mass and relative coordinates: (ρ,z; ρ ,z ) → (R,Z; u,ζ ), with R = (ρ + ρ )/2, Z = (z + z )/2, and u = ρ − ρ ,ζ = z − z . The dependence on the former reflects the inhomogeneity of the system, while the symmetry of the pairing is associated with the latter. Because of the translational symmetry in the xOy plane, the pair wave function does not depend on R, and because of rotational symmetry, the dependence on ureduces to a dependence on u = u . From Eq. (41), transforming the summation over k into an integration, one has
The (k
max ) range accounts for the fact that the gap values vanish for momenta outside the energy window defined bȳ hω D . The pair wave function is thus a local quantity, in the sense that it does not only depend on the relative coordinates of the paired particles but also on the position of their center of mass.
In Fig. 4 , we plot the Cooper pair wave function probability density as a function of the relative coordinate u, around the center of mass coordinates, for Z = d/2 and ζ = d/2, with d 13.3 a 0 , i.e., an N = 3 (111) monolayers thick nanofilm. The oscillations as a function of u can be expected from the qualitative behavior of the Cooper pair wave function in homogeneous systems. 48 Interestingly, however, in the present case, the amplitude of the oscillations is modulated. The amplitude decreases distinctly in the vicinity of the interparticle distances indicated with vertical arrows in the figure. Thus, at certain distances, there is a tendency of pair depletion, while at other distances, the tendency is to a larger pair population. The amplitude modulation is a signature of interference and arises here because of the multicomponent character of the condensate. Indeed, it is readily shown that for sufficiently thin films (cf. Appendix B for details and analytical expressions), the Cooper pair density at the center of mass can be written (Z) = n It is of interest to see how the coherence length is affected by confinement and the multicomponent nature of the condensate. One can define the coherence length as the mean-square radius of the Cooper pair wave function 22, 47 around the pair center of mass. In inhomogeneous systems, it is a local rather than a global quantity. In our nanofilms, the relevant quantity is the mean square radius along the xOy plane, namely,
with s (Z) = d 2 udζ | (Z; u,ζ )| 2 the Cooper pair density at the center of mass coordinates. To illustrate the spatial dependence of the coherence length and how it changes with nanofilm thickness, in Fig. 5(a) , we show ξ (Z) for nanofilms with thicknesses corresponding to N = 4, 5, and 6 monolayers grown in the [111] direction. On average, they are smaller than the bulk coherence length, which has a value of ∼30236 a 0 . 28 In the case of N = 4, the coherence length magnitude is less than 50% of the bulk value. These smaller Cooper pair "sizes" reflect the fact that their average energy gap values are larger than their bulk counterpart (2.8, 2.7, and 2.1 times b , for N = 4, 5, and 6, respectively).
The form of the oscillations in ξ (Z) arises from the contributions of the different subcondensates, which have different gap values and different periodicity in Z. In this respect, it has recently been advanced that in two-gap superconductors, such as MgB 2 , the associated subcondensates present different coherence lengths near T c . 27 Very recently, a study based on the Bogoliubov-de Gennes equations has shown that the same should occur at T = 0 K in nanofilms a few monolayers thick. 49 We also consider this question here. Within the present approach, a natural definition of the coherence length associated with the nth subcondensate is ξ
F is the Fermi velocity of the nth band. This is similar to the BCS expression for the coherence length in the three-dimensional case, 28 differing from it by a factor of order unity. Note that ξ n is a constant, independent of the center of mass coordinates.
We calculate, as an example, the coherence lengths in a two-monolayer thick nanofilm. It has two occupied bands, hence two subcondensates. At T = 0 K, the two gap values are 1 = 13.44 b eV and 2 = 9.3 b eV, and the corresponding coherence lengths are ξ 1 4037 a 0 and ξ 2 4446 a 0 , respectively. Interestingly, we find that the ratio of the coherence lengths of two different subcondensates is generally rather insensitive to temperature. This is different from what is found for bulk two-gap superconductors within the (extended) Ginzburg-Landau formalism where the two coherence lengths tend to the same value in the T → T c limit. 27 Here, in the case of the two-monolayer nanofilm for T → T c , we have ξ 2 /ξ 1 = 1.15. This reflects the fact that in sufficiently thin films, the subcondensates are well defined from the onset of the superconducting phase. Note also that the subcondensate with the larger gap has a shorter coherence length. The subcondensates in MgB 2 and other two-gap superconductors show a similar behavior. 27 However, this is not always the case in nanofilms, at least not in the present model. For example, consider the N = 4 (111) monolayers nanofilm for which the coherence length is plotted in Fig. 5(a) . In this case, there are five subcondensates, with gap values and coherence lengths given in Table I . One can see that 1 
The reason for this is that ξ n ∝ q (n) F / n . Hence, although n > m will favor ξ n < ξ m , the final outcome also depends on the relative magnitude of the corresponding Fermi momenta, q Finally, to get a feeling of the different decay lengths of the subcondensates, we consider the following. As we defined them, the coherence lengths reflect the "size" of the pair wave functions as a function of the interparticle distance, u, and they are essentially determined by the square of the function in Eq. (43), i.e., I 2 n (u). As an example, in Fig. 5(b) , we plot this quantity (normalized) for the subcondensates in the N = 3 case of Fig. 4 . The clearly different decay rates of the envelope functions for the different subcondensates already suggest different coherence lengths. In addition, the plot shows that the oscillation wavelength of the functions I n (u) is different for the different subcondensates. This illustrates the argument advanced above on this point.
VI. SUMMARY
To summarize, we applied Anderson's approach to inhomogeneous superconductors, adapting Gor'kov's Green function formalism to inhomogeneous cases to study superconductivity in nanofilms. We find that in ultrathin nanofilms, it is very important to take into account the effects of confinement not only on electrons and phonons but also on the strength of the electron-phonon coupling. We find, indeed, that the effect of confinement on the screened electron-ion (background) interaction is crucial. Thus the quantum-well states first considered by Blatt and Thompson, who only took into account the effect of confinement on the electronic degrees of freedom, play only a partial role in determining the critical parameters. Furthermore, superconductivity in ultrathin nanofilms is typically multigap, with a condensate consisting of well defined subcondensates. The Cooper pair wave-function probability density as a function of interparticle distance along the nanofilm plane shows interference effects between the different subcondensates. Thus, at certain distances, the pair population is reduced, and at other distances, it tends to be enhanced. We also find that in such systems, the different subcondensates have different coherence lengths.
With the latter result one can determine at once the density in Eq. (A9). Furthermore, given that the induced charge density is given by the charge times the particle (ground-state) average, nq (ω) = −e n nq (ω) , one has
with n F the Fermi occupation function already introduced in Sec. III B. Defining the RPA polarization by
the charge density can immediately be written as the matrix product in Eq. (27) , i.e., nq (ω) = e 2 l P (1) nlq (ω)V lq (ω).
Static screening in the long-wavelength limit
In the present work, we are interested in the static screening in the long-wavelength limit. Thus P (1) nmq (ω) for ω = 0 and q → 0 is calculated in the following. First, a little algebra shows that one can write (the eigenenergies do not depend on spin, so the σ subindex can be dropped) 
For ω = 0, the summation over p (in the L → ∞ limit) requires the following result: 
where l max is the index of the highest occupied band.
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Hence one finds that in the limit of small momentum, the polarization is a constant given by P 
APPENDIX B: COOPER PAIR DENSITY AND COHERENCE LENGTH IN NANOFILMS
The Cooper pair density and coherence length as a function of the center of mass coordinates have a simple form in ultrathin nanofilms. To calculate the Cooper pair density, 
The tan −1 term arises from the above integral, while the function C n (Z) comes from the integral over ζ in the definition of s and is given by 
